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In Ref.[7], we have dealt with the production of the two color-singlet S-wave (cb¯)-quarkonium
states Bc(|(cb¯)1[
1S0]〉) and B
∗
c (|(cb¯)1[
3S1]〉) through the Z
0 boson decays. As an important
sequential work, we make a further discussion on the production of the more complicated P -wave
excited (cb¯)-quarkonium states, i.e. |(cb¯)1[
1P1]〉 and |(cb¯)1[
3PJ ]〉 (with J = (1, 2, 3)). More
over, we also calculate the channel with the two color-octet quarkonium states |(cb¯)8[
1S0]g〉 and
|(cb¯)8[
3S1]g〉, whose contributions to the decay width maybe at the same order of magnitude as that
of the color-singlet P -wave states according to the naive nonrelativistic quantum chromodynamics
scaling rules. The P -wave states shall provide sizable contributions to the Bc production, whose
decay width is about 20% of the total decay width ΓZ0→Bc . After summing up all the mentioned
(cb¯)-quarkonium states’ contributions, we obtain ΓZ0→Bc = 235.9
+352.8
−122.0 KeV, where the errors are
caused by the main uncertainty sources.
PACS numbers: 12.38.Bx, 12.39.Jh, 14.40Lb, 14.40.Nd
With the luminosity raises up to L ∝ 1034cm−2s−1
or higher as programmed by the Internal Linear Collider
[1], i.e. the so called Gigaz [2], and by the newly pur-
posed Z-factory [3], it will open new opportunities not
only for high precision physics in the electro-weak sector,
but also for hadron physics. The discovery of Bc me-
son by the Collider Detector at Fermilab [4] is one of the
important discoveries in heavy quark physics. Due to its
particular nature, the Bc meson has attracted wide atten-
tion. Its hadronic production and decay properties have
been throughly studied by the literature, a minireview
of its recent improvements can be found in Ref.[5]. For
example, its semi-leptonic decays can provide a platform
to check the color-octet mechanism of Non-Relativistic
Quantum Chromodynamics (NRQCD) theory [6].
Recently, we have made a detailed discussion on the
production of the spin-singlet Bc (|(cb¯)1[1S0]〉) and the
spin-triplet B∗c (|(cb¯)1[3S1]〉) mesons in Ref.[7], which
are produced through the Z0 boson decays and are
dealt with under the ‘New Trace Amplitude Approach’.
The higher excited states, such as the P -wave states or
more strictly the higher excited (cb¯)-quarkonium states,
may directly or indirectly (in a cascade way) decay to
the ground state with almost 100% possibility via elec-
tromagnetic or hadronic interactions. So the produc-
tion of the higher excited (cb¯)-quarkonium states can
be regarded as additional sources of Bc production.
The hadronic production of the P -wave (cb¯)-quarkonium
states through the dominant gluon-gluon fusion mech-
anism have been studied in Refs.[8–13]. Especially,
one can conveniently generate the hadronic S-wave and
P -wave (cb¯)-quarkonium events by using the generator
BCVEGPY [13]. More over, the indirect production
of the P -wave (cb¯)-quarkonium states through the top
quark decays have been discussed in Refs.[14, 15]. It
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has been found that the higher excited states as P -
wave states can provide sizable contribution in both the
hadronic production and its indirect production through
top quark decays at LHC. So as a compensation, it would
be interesting to study the production of the P -wave (cb¯)-
quarkonium events through the Z0 decays.
In the NRQCD framework [16, 17], a heavy quarko-
nium is considered as an expansion of various Fock states.
The relative importance among those infinite ingredients
is evaluated by the velocity scaling rule. Namely the
physical state of hBc and χ
J
Bc
can be decomposed into a
series of Fock states as follows,
|hBc〉 = O(v0)|(cb¯)1[1P1]〉+O(v1)|(cb¯)8[1S0]g〉+ · · · (1)
and
|χJBc〉 = O(v0)|(cb¯)1[3PJ ]〉+O(v1)|(cb¯)8[3S1]g〉+ · · · ,
(2)
where v is the relative velocity, and the symbol · · ·
means even higher Fock states. We use the symbols
hBc and χ
J
Bc
to denote the four physical P -wave states,
i.e. hBc denotes the P -wave state with the dominant
color-singlet state (cb¯)1[
1P1] and χ
J
Bc
denotes the P -wave
states with the dominant color-singlet states (cb¯)1[
3PJ ]
with J = (1, 2, 3) respectively. Here the thickened sub-
script of (cb¯)-quarkonium denotes the color index, 1 for
color-singlet and 8 for color-octet. As a full estimation of
the P -wave production, we shall discuss the production
of the following Fock states simultaneously, |(cb¯)1[1P1]〉,
|(cb¯)1[3PJ ]〉, |(cb¯)8[1S0]g〉 and |(cb¯)8[3S1]g〉.
The Feynman diagrams for the process Z0 → (cb¯)+b+c¯
are presented in Fig.(1), where the (cb¯)-quarkonium
stands for the Fock states |(cb¯)1[1S0]〉, |(cb¯)1[3S1]〉,
|(cb¯)1[1P1]〉, |(cb¯)8[1S0]g〉, |(cb¯)1[3PJ ]〉 and |(cb¯)8[3S1]g〉
respectively. According to the NRQCD factorization for-
mula, the decay width of the process can be written in
the following form [16]
dΓ =
∑
n
dΓˆ(Z0 → (cb¯)[n] + b+ c¯)〈OH(n)〉, (3)
2c¯(q1)
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b¯
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FIG. 1. Feynman diagrams for the process Z0(k)→ (cb¯)(q3)+
b(q2) + c¯(q1), where (cb¯)-quarkonium stands for the Fock
states |(cb¯)1[
1S0]〉, |(cb¯)1[
3S1]〉, |(cb¯)1[
1P1]〉, |(cb¯)8[
1S0]g〉,
|(cb¯)1[
3PJ ]〉 and |(cb¯)8[
3S1]g〉 respectively.
where the non-perturbative matrix element 〈OH(n)〉 is
proportional to the inclusive transition probability of the
perturbative state (cb¯)[n] into bound state. The color-
octet matrix elements are smaller than the color-singlet
matrix elements by certain v2 order. More specifically,
based on the velocity scaling rule and under the vacuum-
saturation approximation, we have [6, 12, 16]
〈(cb¯)8[1S0]|O8(1S0)|(cb¯)8[1S0]〉
≃ ∆S(v)2 · 〈(cb¯)1[1S0]|O1(1S0)|(cb¯)1[1S0]〉 (4)
and
〈(cb¯)8[3S1]|O8(3S1)|(cb¯)8[3S1]〉
≃ ∆S(v)2 · 〈(cb¯)1[3S1]|O1(3S1)|(cb¯)1[3S1]〉 , (5)
where ∆S(v) is of order v
2, and we take it to be within the
region of [0.10, 0.30], which is consistent with the identi-
fication: ∆S(v) ∼ αs(mBcv). For the color-singlet com-
ponents, the matrix elements can be directly related with
the wave functions at the origin for the S-wave states or
with the first derivative of the wave functions at the ori-
gin for the P -wave states, which can be computed via the
potential models [18–23] and/or potential NRQCD (pN-
RQCD) [24] and/or lattice QCD [17, 25], and references
therein.
The short-distance decay width dΓˆ(Z0 → (cb¯)[n]+b+c¯)
can be written as
dΓˆ(Z0 → (cb¯)[n] + b+ c¯) = 1
2k0
∑
|M |2dΦ3, (6)
where
∑
means that we need to average over the spin
states of the initial particles and to sum over the color
and spin of all the final particles. In Z0 rest frame, the
three-particle phase space can be written as
dΦ3 = (2π)
4δ4

k0 − 3∑
f
qf

 3∏
f=1
d3~qf
(2π)32q0f
.
The detailed process for dealing with the 1 → 3 phase
space can be found in the Appendix A of Ref.[7], from
which we can conveniently obtain the differential de-
cay widths such as dΓ/ds1, dΓ/ds2, dΓ/d cos θ13 and
dΓ/d cos θ23, where s1 = (q1 + q3)
2, s2 = (q1 + q2)
2,
θ13 is the angle between ~q1 and ~q3, and θ23 is the angle
between ~q2 and ~q3.
The hard scattering amplitude for the process Z0(k)→
(cb¯)[n](q3) + b(q2) + c¯(q1) can be written as:
iM = Cu¯si(q2)
4∑
n=1
Anvs′j(q1), (7)
where C = eg2ssin θw cos θw × 43√3δij for the color-singlet case
and C = eg2ssin θw cos θw × (
√
2T aT bT a)ij for the color-octet
case (
√
2T b stands for the color of the color-octet (cb¯)-
quarkonium state) respectively. The gamma structure
An (n = 1, · · ·, 4) corresponds to the four Feynman di-
agrams in Fig.(1), respectively. An for the color-singlet
S-wave states can be found in Ref.[7], and for the color-
octet S-wave states, one only need to change the color-
singlet color factor there to the present color-octet one.
While for the P -wave states, An can be written as
AS=0,L=11 = εµl (q3)
d
dqµ
[
/ǫ(k)Γzb¯
/q2 − /k +mb
(q2 − k)2 −m2b
γρ
Π0q3 (q)
(q31 + q1)2
γρ
]
q=0
, (8)
AS=0,L=12 = εµl (q3)
d
dqµ
[
γρ
/k − /q32 +mb
(k − q32)2 −m2b
/ǫ(k)Γzb¯
Π0q3 (q)
(q31 + q1)2
γρ
]
q=0
, (9)
AS=0,L=13 = εµl (q3)
d
dqµ
[
γρ
Π0q3(q)
(q32 + q2)2
/ǫ(k)Γzc
/q31 − /k +mc
(q31 − k)2 −m2c
γρ
]
q=0
, (10)
AS=0,L=14 = εµl (q3)
d
dqµ
[
γρ
Π0q3(q)
(q32 + q2)2
γρ
/q3 + /q2 +mc
(q3 + q2)2 −m2c
/ǫ(k)Γzc
]
q=0
(11)
3and
AS=1,L=11 = εJµν(q3)
d
dqµ
[
/ǫ(k)Γzb¯
/q2 − /k +mb
(q2 − k)2 −m2b
γρ
Πνq3 (q)
(q31 + q1)2
γρ
]
|q=0, (12)
AS=1,L=12 = εJµν(q3)
d
dqµ
[
γρ
/k − /q32 +mb
(k − q32)2 −m2b
/ǫ(k)Γzb¯
Πνq3 (q)
(q31 + q1)2
γρ
]
|q=0, (13)
AS=1,L=13 = εJµν(q3)
d
dqµ
[
γρ
Πνq3(q)
(q32 + q2)2
/ǫ(k)Γzc
/q31 − /k +mc
(q31 − k)2 −m2c
γρ
]
|q=0, (14)
AS=1,L=14 = εJµν(q3)
d
dqµ
[
γρ
Πνq3(q)
(q32 + q2)2
γρ
/q3 + /q2 +mc
(q3 + q2)2 −m2c
/ǫ(k)Γzc
]
|q=0, (15)
where Γzb¯ =
1
4 − 13 sin2 θw − 14γ5, Γzc = 14 − 23 sin2 θw −
1
4γ
5 and q is the relative momentum between the two
constitute quarks of (cb¯)-quarkonium. q31 and q32 are
the momenta of the two constitute quarks, i.e.
q31 =
mc
mBc
q3 + q and q32 =
mb
mBc
q3 − q, (16)
where mBc = mb + mc is implicitly adopted to ensure
the gauge invariance of the hard scattering amplitude.
ε(k) is the polarization vector of Z0. εs(p1) and εl(p1)
are the polarization vectors relating to the spin and the
orbit angular momentum of (cb¯)- quarkonium, εJµν(q3) is
the polarization tensor for the spin triplet P -wave states
with J = 0, 1 and 2 respectively. The covariant form of
the projectors can be conveniently written as
Π0q3(q) =
−√mBc
4mbmc
(/q32 −mb)γ5(/q31 +mc), (17)
and
Πνp1(q) =
−√mBc
4mbmc
(/q32 −mb)γν(/q31 +mc), (18)
After substituting these projectors into the above ampli-
tudes and doing the possible simplifications, the ampli-
tudes then can be squared, summed over the freedoms
in the final state and averaged over the ones in the ini-
tial state. The selection of the appropriate total angular
momentum quantum number is done by performing the
proper polarization sum. If defining
Παβ = −gαβ + p1αp1β
M2
, (19)
the sum over polarization for a spin triplet S-state or a
spin singlet P-state is given by∑
Jz
εαε
∗
α′ = Παα′ , (20)
where Jz = sz or lz respectively. In the case of
3PJ
states, the sum over the polarization is given by [26]
ε
(0)
αβε
(0)∗
α′β′ =
1
3
ΠαβΠα′β′ (21)
∑
Jz
ε
(1)
αβε
(1)∗
α′β′ =
1
2
(Παα′Πββ′ −Παβ′Πα′β) (22)
∑
Jz
ε
(2)
αβε
(2)∗
α′β′ =
1
2
(Παα′Πββ′ +Παβ′Πα′β)− 1
3
ΠαβΠα′β′ .(23)
We adopt the ‘new trace amplitude approach’ [14, 27]
to derive the analytical expressions for the process Z0 →
(cb¯) + b + c¯, where (cb¯)-quarkonium is in |(cb¯)1[1S0]〉,
|(cb¯)1[3S1]〉, |(cb¯)1[1P1]〉, |(cb¯)8[1S0]g〉, |(cb¯)1[3PJ ]〉 and
|(cb¯)8[3S1]g〉 respectively. We have dealt with the case
of the two S-wave states |(cb¯)1[1S0]〉 and |(cb¯)1[3S1]〉 in
Ref.[7]. At the present, we continue our work for the P -
wave states, i.e. to calculate the coefficients together with
the independent Lorentz-invariant structures for the P -
wave case. The derived coefficients are very lengthy and
complicated, and to short the paper, we shall not present
them here, but shall give the main idea for deriving them
in the Appendix 1.
In doing numerical calculation, we take mZ = 91.1876
GeV and αs(mZ) = 0.1176 [29]. To be consistent
with the present leading-order calculation, we adopt the
leading-order αs running, and by taking the normaliza-
tion scale to be 2mc, which leads to αs(2mc) = 0.212.
The two constitute quark masses are taken as mb = 4.90
GeV and mc = 1.50 GeV. Here, as explained by Ref.[11],
we take the same (constitute) quark masses for both
the P -wave and S-wave states production. As for the
wave function at the origin and the first derivative of the
wave function at the origin, we fix their values to be:
|RS(0)|2 = 1.642 GeV3 and |R′P (0)|2 = 0.201 GeV5 [23].
By taking the above parameter values, we obtain
Γ|(cb¯)1[1S0]〉 = 81.4 KeV, Γ|(cb¯)1[3S1]〉 = 116.4 KeV,
Γ|(cb¯)1[1P1]〉 = 8.6 KeV, Γ|(cb¯)1[3P0]〉 = 5.2 KeV,
Γ|(cb¯)1[3P1]〉 = 10.5 KeV, Γ|(cb¯)1[3P2]〉 = 11.6 KeV,
Γ|(cb¯)8[1S0]〉 = 10.2× v4 KeV and Γ|(cb¯)8[3S1]〉 = 14.5× v4
KeV. It can be found that the decay width of all the P -
wave states is about 45% of that of the ground state Bc
(|(cb¯)1[1S0]〉). Then the P -wave states should be taken
1 Detailed formulae can be found in Ref.[28] and the Mathematica
programs in deriving them are available upon request.
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FIG. 2. Differential decay width dΓ/ds1 (Left) and
dΓ/ds2 (Right) for the process Z
0 → (cb¯) + b + c¯, where
the squared line, the crossed line, the dotted lines, the
solid line, the dashed line and the dash-dot line are for
|(cb¯)1[
3S1]〉, |(cb¯)1[
1S0]〉, |(cb¯)1[
3P2]〉, |(cb¯)1[
3P1]〉, |(cb¯)1[
1P1]〉
and |(cb¯)1[
3P0]〉 respectively.
into consideration so as to make a sound estimation of
the Bc meson production. And if taking v
2 ∼ 0.3, the
two color-octet S-wave states shall only provide ∼ 3%
contribution to the ground state Bc.
We present some typical differential distributions for
the (cb¯)-quarkonium production through the Z0 decays in
Figs.(2,3), where the results for |(cb¯)1[3S1]〉, |(cb¯)1[1S0]〉,
|(cb¯)1[3P2]〉, |(cb¯)1[3P1]〉, |(cb¯)1[1P1]〉 and |(cb¯)1[3P0]〉 are
presented. Here the two color-singlet S-wave states
|(cb¯)1[3S1]〉 and |(cb¯)1[1S0]〉 are put together for a com-
parison. Since the difference between the color-singlet S-
wave states and the color-octet S-wave states is an over-
all color factor, the shape of their curves are the same,
so we do not present the curves for the color-octet ones
in Figs.(2,3). This is quite different from the case of
Bc hadronic production, which has a much more compli-
cated color structure (color flow), and due to the cance-
lation and enhancement of the different color flows, the
color-octet and color-singlet curves behave quite differ-
ently [12]. More explicitly, for the dominant gluon-gluon
fusion process (g+g → (cb¯)+ b+ c¯) for the hadornic pro-
duction, there is five independent color factors for the
color-singlet case, while for the color-octet case, the in-
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FIG. 3. Differential decay width dΓ/d cos θ13 (Left) and
dΓ/d cos θ23 (Right) for the process Z
0 → (cb¯) + b + c¯,
where the squared line, the crossed line, the dotted lines,
the solid line, the dashed line and the dash-dot line are for
|(cb¯)1[
3S1]〉, |(cb¯)1[
1S0]〉, |(cb¯)1[
3P2]〉, |(cb¯)1[
3P1]〉, |(cb¯)1[
1P1]〉
and |(cb¯)1[
3P0]〉 respectively.
dependent color factors change to ten [12, 13]. This is
the reason why the color-octet S-wave states can lead to
sizable contributions to the hadronic production of Bc in
comparison to the color-singlet P -wave states [12], as is
required by the naive NRQCD scaling rules. While for
the present case, the color-octet states give somewhat
negligible contributions.
Fig.(2) shows the differential distributions of the in-
variant masses s1 and s2, i.e. dΓ/ds1 and dΓ/ds2, where
s1 = (q1 + q3)
2 and s2 = (q1 + q2)
2. Fig.(3) shows
the differential distributions of cos θ13 and cos θ23, i.e.
dΓ/d cos θ13 and dΓ/d cos θ23, where θ13 is the angle be-
tween ~q1 and ~q3, and θ23 is the angle between ~q2 and ~q3. It
can be found that for all the considered (cb¯)-quarkonium
states, the largest differential decay width of dΓ/d cos θ13
is achieved when θ13 = 0
◦, i.e. the (cb¯)-quarkonium and
c-quark moving in the same direction. While the largest
differential decay width of dΓ/d cos θ23 is achieved when
θ23 = 180
◦, i.e. the (cb¯)-quarkonium and b-quark moving
back to back.
Next, it would be interesting to show the theoretical
uncertainties for the production. For leading order cal-
culation, its main uncertainty sources include the ma-
5mc(GeV) 1.20 1.50 1.80
Γ|(cb¯)1[1S0]〉(KeV) 183.5 81.4 42.2
Γ|(cb¯)1[3S1]〉(KeV) 280.1 116.4 57.1
Γ|(cb¯)1[1P1]〉(KeV) 27.6 8.6 3.2
Γ|(cb¯)1[3P0]〉(KeV) 14.7 5.2 2.3
Γ|(cb¯)1[3P1]〉(KeV) 33.8 10.5 4.1
Γ|(cb¯)1[3P2]〉(KeV) 43.8 11.6 3.9
TABLE I. Uncertainties for the decay width of the process
Z0 → (cb¯) + b + c¯ with varying mc, where mb is fixed to be
4.9 GeV.
mb (GeV) 4.50 4.90 5.30
Γ|(cb¯)1[1S0]〉(KeV) 82.1 81.4 80.8
Γ|(cb¯)1[3S1]〉(KeV) 114.2 116.4 118.5
Γ|(cb¯)1[1P1]〉(KeV) 8.7 8.6 8.4
Γ|(cb¯)1[3P0]〉(KeV) 5.7 5.2 4.7
Γ|(cb¯)1[3P1]〉(KeV) 11.0 10.5 10.1
Γ|(cb¯)1[3P2]〉(KeV) 11.3 11.6 11.7
TABLE II. Uncertainties for the decay width of the process
Z0 → (cb¯) + b + c¯ with varying mb, where mc is fixed to be
1.5 GeV.
trix elements, the renormalization scale µR, the quark
masses mb and mc. Since the model-dependent RS(0)
and R′P (0) emerge as overall factors and their uncertain-
ties can be conveniently discussed when we know their
values well, so we shall not discuss such uncertainties
in the present paper. α(µR) is another overall param-
eter, one can set µR to be 2mc or 2mb, since the in-
termediate gluon as shown in Fig.(1) should be hard
enough to produce a cc¯-quark pair or a bb¯-quark pair.
By setting these two scales to calculate the process, we
obtain ΓµR=2mb/ΓµR=2mc ∝ α2s(2mb)/α2s(2mc) ∼ 0.67.
For definiteness, we fix µR = 2mc. As for the uncer-
tainties caused by mc and mb, we shall study them in
‘a factorizable way’. When focussing on the uncertain-
ties from mc, we let it be varying within the range of
mc = 1.50± 0.30 GeV with all the other factors, includ-
ing the b-quark mass and etc. being fixed to their center
values. Similarly, when discussing the uncertainty caused
by mb, we vary the b-quark mass mb within the region of
mb = 4.90± 0.40 GeV.
The decay width for the (cb¯)-quarkonium production
through the Z0 decays with varying mc and mb are pre-
sented in TAB.I and TAB.II. For the color-singlet S-wave
states, our present results different from those of Ref.[7]
at some mb values as shown by TAB.II. It is found that
such differences are merely caused by the numerical in-
stability at some singular phase-space points, and at the
present, we have improved our numerical treatment so
as to make the results more reliable. It shows that the
decay width is much more sensitive to mc than that of
mb, and the decay width of the P -wave states are more
102 103 104
10-11
10-10
10-9
10-8
10-7
10-6
10-5
d
ds
1(
G
eV
-1
)
s1(GeV
-2)
0 2 4 6 8
10-11
10-10
10-9
10-8
10-7
10-6
x10
3
d
ds
2(
G
eV
 -1
)
s2(GeV
 -2)
FIG. 4. Uncertainties of differential decay width dΓ/ds1
(Left) and dΓ/ds2 (Right) for Z
0 → (cb¯) + b + c¯, where
|(cb¯)1,8[
3S1]〉, |(cb¯)1,8[
1S0]〉, |(cb¯)1[
3PJ ]〉 and |(cb¯)1[
1P1]〉 are
taken into consideration.
sensitive to quark masses than the S-wave states.
By adding the uncertainties caused by mb and mc in
quadrature, we obtain
Γ|(cb¯)1[1S0]〉 = 81.4
+102.1
−39.2 KeV, (24)
Γ|(cb¯)1[3S1]〉 = 116.4
+163.7
−59.3 KeV, (25)
Γ|(cb¯)1[1P1]〉 = 8.6
+19.0
−5.4 KeV, (26)
Γ|(cb¯)1[3P0]〉 = 5.2
+9.5
−2.9 KeV, (27)
Γ|(cb¯)1[3P1]〉 = 10.5
+23.3
−6.4 KeV, (28)
Γ|(cb¯)1[3P2]〉 = 11.6
+32.2
−7.7 KeV, (29)
Γ|(cb¯)8[1S0]g〉 = 10.2
+12.8
−4.9 × v4 KeV, (30)
Γ|(cb¯)8[3S1]g〉 = 14.5
+20.5
−7.4 × v4 KeV. (31)
If assuming the higher excited states decay to the
ground state Bc(|(cb¯)1[1S0]〉) with 100% efficiency, then
we obtain the total decay width for the process Z0 →
Bc + b+ c¯, i.e.
ΓZ0→Bc = 235.9
+352.8
−122.0 KeV , (32)
where for the color-octet S-wave matrix element, we take
v2 = 0.20 as its central value. It is found that the total
decay width of all the P -wave states, including the two
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FIG. 5. Uncertainties of differential decay width dΓ/d cos θ13
(Left) and dΓ/d cos θ23 (Right) for Z
0 → (cb¯) + b + c¯, where
|(cb¯)1,8[
3S1]〉, |(cb¯)1,8[
1S0]〉, |(cb¯)1[
3PJ ]〉 and |(cb¯)1[
1P1]〉 are
taken into consideration.
color-octet S-wave quarkonium states’ contributions, is
around 20% of the total decay width. So these higher
Fock states contributions should be taken into consider-
ation, especially for the future high collision and high lu-
minosity colliders. The shaded bands in Figs.(4,5) show
the corresponding uncertainty more clearly, where all the
above mentioned Fock states |(cb¯)1,8[1S0]〉, |(cb¯)1,8[3S1]〉,
|(cb¯)1[1P1]〉 and |(cb¯)1[3PJ ]〉 are summed up. The center
solid line is for mc = 1.5GeV and mb = 4.9GeV, the up-
per edge of the band is obtained by setting mc = 1.2GeV
and mb = 5.3GeV, while the lower edge of the band is
obtained by setting mc = 1.8GeV and mb = 4.5GeV.
As a summary: In the present paper, we have finished
a discussion on the (cb¯)-quarkonium production through
the Z0 decays, where (cb¯)-quarkonium in |(cb¯)1,8[3S1]〉,
|(cb¯)1,8[1S0]〉, |(cb¯)1[3PJ ]〉 and |(cb¯)1[1P1]〉 have been
taken into consideration. We have adopted the ‘New
Trace Technology’ to obtain the analytic expressions for
the amplitude, which shall be helpful for certain cases,
especially when one wants to simulate the Bc events at
the suggested Z-factory [2, 3].
It is found that the P -wave states can provide siz-
able contributions to the ground state (Bc) production,
which is about 45% of that of the ground state and leads
to ∼ 20% contribution to the total decay width. Un-
der such a comparatively large production rate from Z0
decays, the P -wave quarkonium itself is worthwhile to
study the possibility of directly measuring the P -wave
states, which is very important in understanding the
(cb¯)-quarkonium mass spectrum and testing the poten-
tial models. It is found that the P -wave states are more
sensitive to the quark masses than the S-wave states.
If all the low-laying excited states decay to the ground
state Bc((cb¯)1[
1S0]), we obtain the total decay width for
Bc production, i.e. 235.9
+352.8
−122.0 KeV, where the errors
are caused by varying mb and mc within their reasonable
regions mc ∈ [1.2, 1.8] GeV and mc ∈ [4.5, 5.3] GeV and
by varying v2 ∈ (0.1, 0.3).
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APPENDIX: MAIN IDEA FOR DERIVING THE
AMPLITUDE OF Z0(k)→ (cb¯)(q3) + b(q2) + c¯(q1)
We adopt the ‘new trace amplitude approach’ [14, 27]
to derive the analytical expression for Z0 → (cb¯) + b +
c¯, where (cb¯)-quarkonium is in |(cb¯)1[1S0]〉, |(cb¯)1[3S1]〉,
|(cb¯)1[1P1]〉, |(cb¯)8[1S0]g〉, |(cb¯)1[3PJ ]〉 and |(cb¯)8[3S1]g〉.
The detailed formulae for the present case can be found
in Appendix B of Ref.[7]. Here, we shall only present the
main idea of the approach.
As shown by Fig.(1), there are four Feynman diagrams
(amplitudes), we first arrange each of the four ampli-
tudes listed in Eqs.(8,9,10,11) or Eqs.(12,13,14,15) into
four orthogonal sub-amplitudes according to the four spin
combinations of the outgoing b-quark and c¯-antiquark.
Next, we do the trace of the Dirac-γ matrix strings at
the amplitude level by properly dealing with the mas-
sive spinors, which will result in explicit series over in-
dependent Lorentz-invariant structures. Finally, we de-
termine the analytical expressions for the coefficients of
these Lorentz-invariant structures.
The independent coefficients can be schematically rep-
resented by Aij , where i = (1, 2, 3
′, 4′) and j = (1, · · · , n)
with n equals to the maximum independent Lorentz
structure number for a particular quarkonium state. The
coefficients of the color-singlet S-wave states |(cb¯)1[1S0]〉
and |(cb¯)1[3S1]〉 have been presented in Ref.[7]. The re-
sults for the color-octet S-wave states, |(cb¯)8[1S0]g〉 and
|(cb¯)8[3S1]g〉, can be easily read from the color-singlet
S-wave case, since the only difference is an overall color
factor. For spin-singlet |(cb¯)1[1P1]〉, there are twelve ba-
sic lorentz structures, which are the same as that of
|(cb¯)1[3S1]〉 [7], only one need to change the spin polariza-
tion vector there to the present orbit polarization vector.
For the spin-triplet |(cb¯)1[3PJ ]〉 states, there are totally
734 independent basic Lorentz structures Bj , i.e.
B1 =
1
mZ
q2 · ǫ(k)εJαα, B2 =
1
mZ
q3 · ǫ(k)εJαα, B3 =
1
mZ
q2αǫβ(k)ε
J
αβ , B4 =
1
mZ
kαǫβ(k)ε
J
αβ ,
B5 =
iεJαα
m3Z
ε(k, q2, q3, ǫ(k)), B6 =
iεJαβ
m3Z
ε(k, q2, q3, α)ǫβ(k), B7 =
iεJαβ
m3Z
ε(k, q3, ǫ(k), α)q2β ,
B8 =
iεJαβ
m3Z
ε(k, q2, α, β)q2 · ǫ(k), B9 =
iεJαβ
m3Z
ε(k, q3, ǫ(k), α)kβ , B10 =
iεJαβ
m3Z
ε(k, q2, ǫ(k), α)kβ ,
B11 =
iεJαβ
m3Z
ε(k, q3, α, β)q3 · ǫ(k), B12 =
iεJαβ
m3Z
ε(k, q2, α, β)q3 · ǫ(k), B13 =
iεJαβ
m3Z
ε(k, q3, α, β)q2 · ǫ(k),
B14 =
iεJαβ
m3Z
ε(k, q2, ǫ(k), α)q2β , B15 =
iεJαβ
m3Z
ε(q2, q3, ǫ(k), α)q2β , B16 =
iεJαβ
m3Z
ε(q2, q3, α, β)q2 · ǫ(k),
B17 =
iεJαβ
m3Z
ε(q2, q3, α, β)q3 · ǫ(k), B18 =
iεJαβ
m3Z
ε(q2, q3, ǫ(k), α)kβ , B19 =
iεJαβ
mZ
ε(k, ǫ(k), α, β),
B20 =
iεJαβ
mZ
ε(q2, ǫ(k), α, β), B21 =
iεJαβ
mZ
ε(q3, ǫ(k), α, β), B22 =
iεJαβ
m5Z
ε(k, q2, q3, α)kβq3 · ǫ(k),
B23 =
iεJαβ
m5Z
ε(k, q2, q3, α)q2βq2 · ǫ(k), B24 =
iεJαβ
m5Z
ε(k, q2, q3, α)kβq2 · ǫ(k), B25 =
iεJαβ
m5Z
ε(k, q2, q3, α)q2βq3 · ǫ(k),
B26 =
iεJαβ
m5Z
ε(k, q2, q3, ǫ(k))q2αq2β , B27 =
iεJαβ
m5Z
ε(k, q2, q3, ǫ(k))kαkβ , B28 =
iεJαβ
m5Z
ε(k, q2, q3, ǫ(k))kαq2β ,
B29 =
εJαβ
m3Z
kαkβq3 · ǫ(k), B30 =
εJαβ
m3Z
kαq2βq3 · ǫ(k), B31 =
εJαβ
m3Z
kαkβq2 · ǫ(k),
B32 =
εJαβ
m3Z
kαq2βq2 · ǫ(k), B33 =
εJαβ
m3Z
q2αq2βq3 · ǫ(k), B34 =
εJαβ
m3Z
q2αq2βq2 · ǫ(k). (33)
It is noted that ε0,2αβ is the symmetric tensor and ε
1
αβ
is the anti-symmetric tensor, and the fact that ε1αα =
ε2αα = 0. so the terms involving the following coefficients
have no contributions to the square of the amplitude, and
practically, we can safely set the coefficients before them
to be zero:
Aij(|(cb¯)1[3P0]〉) = 0 for i = (1− 4),
j = (8, 9, 11, 12, 13, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25)
(34)
Aij(|(cb¯)1[3P1]〉) = 0 for i = (1− 4),
j = (1, 2, 5, 26, 27, 29, 31, 33, 34)
(35)
Aij(|(cb¯)1[3P2]〉) = 0 for i = (1− 4),
j = (1, 2, 5, 8, 11, 12, 13, 16, 17, 19, 20, 21).
(36)
The non-zero coefficients for the independent Lorentz-
invariant structures are very lengthy and complicated,
so to short the paper, we shall not present them here.
The interesting reader can turn to Ref.[28] for detailed
expressions.
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